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Abstract
The logic behind the folk theorem goes from delivering an ‘any-

thing goes’ result to an ‘anything is implementable’ result when ap-
plied to information design in games without perfect recall. I show
that when agents (artificial ones, say) can be made to play a game mul-
tiple times without remembering their own past play, a designer can
construct a finite-horizon repetition of the game with a public inform-
ation structure that sustains any folk theorem payoff profile.
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1 Introduction

There is a finite normal form base game. A designer is able to build extensive forms from
this base game, including ones which limit the players’ memory. Which payofts can she
implement? This question is particularly relevant to designing incentives around Al
agents, whose memory can flexibly be restricted: simply make two copies and run them

separately; neither will have any recollection of what the other copy did.

I study this question in the context of multi-stage games. The designer picks a number of
stages in which the base game will be played, and makes a public announcement at each
stage about the history of play thus far. I find that when players (can be made to) forget
their own past actions, the designer’s ability to incentivise the players is formidable.
With only a finite number of stages, it is possible to implement any payoff whatsoever
that can be sustained in some equilibrium of the infinitely repeated perfect-recall version
of the base game. This holds both if the players receive a flow payoft at each stage, and
if the payofls are fixed by the actions taken at one ‘real” stage.

The main result establishes that given a sufficiently long but finite horizon, any feasible
and strictly individually rational profile of payoffs is implementable, in multiselves se-
quential equilibrium, provided the base game has full dimension (Theorem 1). In other
words, a direct analogue of the Fudenberg and Maskin (1986) folk theorem holds under
‘memory design’ even when there is complete information and the time horizon is both

finite and commonly known.!

Literature (terse). Piccione and Rubinstein (1997) launched the modern literature
on imperfect recall in economic theory, focusing on (single-agent) decision problems.
Lambert, Marple and Shoham (2019) generalised a collection of familiar solution con-
cepts to (multi-player) games without perfect recall. Koh and Sanguanmoo (2025) build
a general framework for designing memory in games, holding fixed the underlying ex-

tensive form.? This paper studies the joint design of memory and extensive forms.

IThis also holds in the two-player case without full dimensionality (Proposition 1) and in the general
multi-player case for Nash-reversion payofls (Proposition 2).

Relatedly, Chen, Ghersengorin and Petersen (2024) apply a form of constrained memory- and
extensive-form design with a single agent to address the ‘deceptive alignment’ problem in Al Levy and
Szentes (2025) develop a revelation principle to study single-agent implementation in multi-stage decision
problems with imperfect recall.



Preliminary draft

The important work of Salcedo (2013, 2017) and Doval and Ely (2020) considers the
joint design problem, under perfect recall and for a particular class of extensive forms
that partly excludes the present setting.> The environment studied in this paper is in-
stead closely related to Forges (1986) and Myerson (1986), who studied implementation
in multi-stage games with mediators, though with the extensive form held fixed. Since
my designer is additionally ‘omniscient’ and I do not assume that players can commit,
more closely related are the recent multi-stage extensions of Bayes correlated equilib-

rium which impose sequential rationality (Makris & Renou, 2023).

Finite-horizon folk theorems have been established before under particular conditions
on the base game such as multiplicity of Nash payofts (cf. Benoit & Krishna, 1985; Smith,
1995), or on what the players commonly know about each other (e.g. Kreps et al., 1982)
or about the time horizon (e.g. Neyman, 1999; Hauser & Salmi, 2026). The results in this
paper require no assumptions on the base game beyond those assumed in the standard
infinite-horizon folk theorems with complete information, and they allow all players
to commonly know the horizon. What the players do not know in this paper is their

current location in the game (in particular, the current stage number).

There are papers which obtain folk theorems in other non-standard settings. Tennen-
holtz (2004) formalises and generalises an observation from Rubinstein (1998) to prove
a folk theorem for ‘program games, a setting where players (computers) get to see each
other’s source code before playing a game. Kalai et al. (2010) show that folk theorem pay-
offs can be obtained when players can make conditional commitments. More recently,
Kovarik, Oesterheld and Conitzer (2024) show that a folk theorem also appears when
players observe a simulation of the game they are about to play, which itself includes a
simulation of the next game down, and so on. This paper can be interpreted as pointing
out another environment where folk-type dynamics emerge. But rather than emerging
as vast indeterminacy of equilibrium in a fixed setting (an ‘anything goes’ prediction),
they instead emerge as equilibria that can be deliberately selected by an information

designer (‘anything is implementable’).

3 An important exception: when payoffs in the multi-stage game depend only on play in the final stage.

“The kinds of incentives that can be generated by self-locating uncertainty were illustrated in a delight-
ful example from Nishihara (1997), where cooperation in the one-shot prisoner’s dilemma is achieved,
despite recall being perfect, by jointly designing information and the extensive form.

3
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2 Model

Environment. Fix a finite normal-form game G = (I, (A;, u;);er) which we shall call

the base game. From it we may construct a multi-stage game
GT(lNL) = (Iv A7 Ha P7 Sa (ﬁz)zel)

where T' < oo is the number of stages, A := [],_; A; are the pure action profiles realis-
able at each stage, Z := AT are the terminal histories in H, the player correspondence
P : H = I satisfies P(h) = I atevery h € H \ Z, the information sets S = {51, ..., S|1}
exhibit full amnesia (S; = H \ Z for every i € I), and @; : Z — R is the payoff of each
player i € I. Call Gp(u) the T-stage extension of G with extended payoffs i = (u;);cy-

The interpretation is that the players are called to play the base game 7" times but without
remembering any past play. In particular, the players do not recall their own past actions,
nor do they know the calendar time (the current stage number ¢ € {1,....,7}). I will
consider two forms of payoff extensions. Given a base game G with payoffs u = (u;);er,
the average-payoff extension is given by (a1, ...,ar) = Zthl u(a¢) and the final-stage
payoff extension is given by @(a1,...,ar) = u(ar) for any sequence (a;)_, in A with
T € N. Other specifications are conceivable but I will focus on these. The average-
payoft extension is familiar from finitely-repeated games, and the final-stage extension
has a natural interpretation: the players are ‘simulated’ multiple times before playing the
‘real’ game (e.g. Chen, Ghersengorin & Petersen, 2024). I will say that a payoff extension

is admissible iff it coincides with one of these.
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Information. An information structure for a multi-stage game Gr() is a pair (M, 7)
where M is a finite set and 7 : | J;_, (M| x A)=1 — A(M!) is a probability kernel.
The interpretation is that a profile m = (m;);cr of player-specific messages is drawn at

t=1) that depends on previous

each stage t € {1,...,T} from a distribution 7(-|a'~!,m
play and messages. We will interpret messages as being publicly observed whenever it

is the case that messages always coincide across players under 7.

A repeated memory mechanism for (G, ) is a triple (Gp(a), M, ), where Gp(a) is the
T-stage extension of G with extended payoffs @, and (M, 7) is an associated public in-
formation structure. These formally induce another multi-stage game where, at each
stage, players receive messages, act once simultaneously, and then forget both the mes-
sages and the actions before entering the next stage. Messages can therefore be identified
with information sets. As a result, each player i € I is limited to (behavioural) strategies
oi : M — A(A;) mapping individual messages to mixed actions. I will often use the

term ‘repeated memory mechanism’ to refer to this induced game.

Implementation. The solution concept will be strong memory correlated equilibrium
(sMCE) from Koh and Sanguanmoo (2025) which, in the current setting, coincides with
multiselves sequential equilibrium from Lambert, Marple and Shoham (2019). Both co-
incide with sequential equilibrium when recall is perfect. I will say that a repeated
memory mechanism implements a payoff profile v € RI! iff there is a SMCE of the

game induced by the mechanism whose associated expected payofts are v.

Note that to interpret the implemented payoffs, we need to specify how the extended
payoft functions @ = (4;);cr in the multi-stage extension relate to the ones u = (u;);er
in the base game. But provided the extension is admissible, I will say that a payoft profile
v € R is feasible tout court iffv € cvh({u(a) : a € A}), and that it is strictly individually
rational iff v; > v, := mina_ieﬂj#A(Aj) maxXg,e 4, Ui(a;, ;) for all i € I. The base game
is said to have full dimension iff the set of feasible and strictly individually rational payofts

has a non-empty interior as a subset of RI/I,
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3 Results

Here is the main result.

Theorem 1. Fix any finite full-dimensional base game G. For any profile v € RI! of
feasible and strictly individually rational payoffs, and any admissible payoft extension 4,

there is a finite-horizon repeated memory mechanism for (G, @) which implements v.

Proof. Appendix A.1.° O

Remark 1. Memory design delivers an exact analogue of Benoit and Krishna’s (1985)
finite folk theorem but under the minimal conditions of Fudenberg and Maskin (1986).
It is exact rather than approximate since the designer acts as a public randomisation
device. The result holds when the designer only makes public recommendations, and it

can be further strengthened to cover the ‘correlated minmax’ payofts as well.

The proof of Theorem 1 is more cumbersome than Fudenberg and Maskin’s because of
the finite time horizon, but the incentives are completely analogous. The key observa-
tion is that (self-locating) uncertainty about the calendar time can be made to play the
role of (‘objective’) uncertainty about how many times the game will be repeated. Be-
cause players cannot tell which stage 1,2, ..., T they are in at any given moment, they are
never certain that they currently find themselves at the final stage. Player is self-locating
belief 1 — 11;(T") > 0 that they are at a non-terminal stage thereby acts like the discount
factor 6 > 0 in the infinitely repeated case with perfect recall: both can be interpreted as
the probability that the stage game will be played at least one more time. That is what
prevents players from inducting backwards.

Having induced self-locating uncertainty, the designer then only needs to tune two
things. First, raising the horizon 7"mimics an increase in patience 6. That makes punish-
ments more lengthy and likely, which widens the set of implementable payoffs. Second,
by sending messages in each stage which recommend actions to the players, the designer
can replicate the carrot-and-stick strategy used to prove Theorem 2 of Fudenberg and

Maskin (1986), without revealing the current stage number to the players.

This reasoning naturally extends to the standard settings without full dimensionality.

>Indeed the proof establishes that such a mechanism exists for any longer horizon too. See Ap-
pendix A.1 for explicit bounds.
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Proposition 1 (Two players). Fix any finite two-player stage game G. For any profile
v € RI of feasible and strictly individually rational payoffs, and any admissible payoff
extension @, there exists a finite-horizon repeated memory mechanism for (G, @) which

implements v.

Proof. Appendix A.2. ]

Proposition 2 (Nash reversion). Fix any finite stage game G. For any feasible payoff
profile v € RU satisfying v; > u;(5) Vi € I for some Nash equilibrium & of G, and
for any admissible payoft extension @, there exists a finite-horizon repeated memory

mechanism for (G, @) which implements v.

These results are, respectively, analogues of Theorem 1 and Theorem C in Fudenberg
and Maskin (1986), the latter being attributed to Friedman (1971, 1977). Fortunately
the proof of Proposition 2 is no longer than the proof of its analogue, the regular Nash
reversion folk theorem. I therefore include it here.

Proof of Proposition 2. Fix a finite stage game G = (I, (A;, u;);er) and some Nash equi-
librium & of G. Let v € R/l denote some feasible payoff profile satisfying v; > u;(7)
for every player ¢ € I. Since v is feasible, it can be achieved by some (correlated) mixed
action profile o« € A(A), where A := [],_; A;. Fix this profile.

Let us write the extended payofts as u(z) = Zthl wyu(ay) for each z = (aq, ..., ar) € AT,
where w = (wy,...,wr) € A({l,...,T}) are normalised weights. This nests the two

admissible payoft extensions.

Consider the following information structure. At the empty history, draw a pure action
profile a ~ «, and publicly recommend ‘a’. At any history where play has been obedient
throughout, independently draw @ ~ « and recommend a. At any history where a
player has disobeyed in the past, recommend the profile ¢ € [],.; A(4;) of possibly

mixed actions (that is, at every stage going forward).
If players are obedient, their payoffs will be Zthl wilEq,~alu(ar)] = u(a) = vasrequired.

Each player has | supp a| + 1 sets of incentive constraints, one for each information set
generated by the information structure. It suffices for sMCE to verify each of these sep-

arately, rather than invoking the one-shot deviation principle.
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It is immediate that the off-path recommendation & is obeyed, regardless of beliefs: it
prescribes instantaneous mutual best replies and, regardless of the actions chosen, the

same will be recommended in the future. It remains to verify the on-path incentives.

Supposing that players I \ {i} always obey, player i’s continuation payoff from obeying
after receiving recommendation a € supp « is

T T
Z,ui(t | a) (wtui(a) + Z wsui(a)>
t=1 s=t+1

while ¢’s continuation payoff from a ‘phantom’ deviation® that plays ] € A; \ {a;} is

ZM (t]a (wtuz )+ Z wsi (& )

s=t+1

Every stage is eventually reached, and on-path recommendations are i.i.d., so y;(- | a) =

Unif{1, ..., T'} by belief consistency. The a-obedience constraint for player i is then

T T T T
Z(wtui(a) + Z wsui(a)> > Z(wtui(a;,ai) + Z wsui(0)>
=1 s=t+1 =1 s—t+1
T
[ui(a) - Z > [ui(0) — ui(a Z Z ws
— t=1 s=t+1

| /\

ui(a) — ui(a L&
O WM

since (wy)L_; € AT=!and u;(a) > u;(7). By expressing the right side as

T T T T T T T
Z Z Wy = ZZﬂ{s>t}w5:Zw521{8>t}22w5(s—1)

t=1 s=t+1 t=1 s=1

%A phantom deviation changes behaviour at whichever history is actual, while believing that play is
otherwise on path (meaning obedient, in this case), even elsewhere in the current information set. See
Lambert, Marple and Shoham (2019) for details and Koh and Sanguanmoo (2025) for discussion.

8
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we obtain the required obedience constraints:

d ui(a;, a—i) — ui(a) /
thtZI—i— ! — Va € suppa, a; € A;, i € 1.
— v; — u;i(0)

The game G is finite, so this is a finite collection of finite lower bounds.

The weights would all equal w; = 1/T under the average-payoft extension and w; =
1{t = T'} under the final-stage payoff extension. The left side of the inequalities would
therefore simplify to either 7 Zthl t =T+ orto 23;1 ti{t=T}=T.

In either case, there is a finite choice of T' € N which ensures obedience in sMCE. [
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A Appendix

A.1 Proof of Theorem 1

The proof is structured as follows. I first define some notation and an information
structure that will be fixed throughout. Then I show that the off-path beliefs I will use
are consistent with sMCE under this information structure when players are obedient
(Lemma 1). Finally, I verify obedience. The last step has two parts; the final-stage payoft

extension and the average flow payoff extension are handled separately.

Setup. Write V' for the set of feasible and strictly individually rational payoft profiles
of the finite stage game G = (I, (A;, ui)icr). Fix some v € V. Since v is feasible, it is

attained by some (correlated) mixed action profile o € A(A). Fix this profile.

Write v, := u;(") for the minmax payoff of player i € I, meaning their payoff under a

profile 8¢ = (B;)‘fil of mixed actions which satisfies

B, € argmin  max ui(a;, ;)
Ol—iel_[j;ﬂ A(4;) €A

B¢ € arg max u;(ag, B°;).
a;€A;

By Theorem 1 of Carmona (2008), full dimensionality guarantees the existence of payoft

1

vectors w', ..., wl! € V satisfying w! € (v;,v;) and w! > w} forall i, j € I with j # i. Let

o’ € A(A) denote a (correlated) mixed action profile satisfying w/ = E,; [u(a)].

Consider an information structure which partitions the histories of G into three phases:
good [I], stick [II], and carrot [III]. We begin by specifying what the designer announces

at a given stage, phase by phase, before describing how each phase is reached.
Announcements:

[I] In the good phase, the designer independently draws a ~ o and announces (a;I).
This is interpreted as a recommendation to play a at the current stage of the good
phase.

[I1] Inthe stick phase, the designer independently draws b° ~ 3° from a profile of mixed
actions which minmaxes the player i € 7 who most recently deviated from the de-

11
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signer’s recommendation. The designer announces (b'; I1;), interpreted as a recom-

mendation to punish i by playing b at the current stage of the stick phase.

[III] In the carrot phase, the designer independently draws a’ ~ o' and announces

(a%; I11;), where i € I is the player who deviated most recently.
Transitions:

[I] The game enters the good phase only at the null history, and remains there iff play-

ers remain obedient (until the game ends).”

[II] The game (re-)starts the stick phase iff it reaches a history ending in disobedience.
Provided the players are subsequently obedient, this phase continues for ¢ € N

stages or until the game ends, whichever comes first.

[III] The game starts the carrot phase only after ¢ stages of obedient play in the stick

phase, and remains there provided players are obedient (until the game ends).
That completes our description of the information structure.

If players are obedient, their payofts will be

o= Ey s galii(ar, . ap)] = T Zthl Eq~a[u(a)] under average-flow extended payofts
o Eop~alu(ar)] under final-stage extended payofts

as required.

It remains to verify obedience in each of these two cases. Each player will have | supp o+
> iel (| supp 37| + |supp o’ |) sets of incentive constraints, one for each information
set generated by the information structure. It suffices for MCE to verify each of these
separately (rather than invoking the one-shot deviation principle). To confirm that the
MCE is an sMCE, we need to verify that the specified beliefs during the stick and carrot

phases are admissible. Hence the following lemma.

Lemma 1 (Off-path beliefs). The following beliefs for each player i € I are consistent

’Given a history, let’s say that players were disobedient at a particular stage iff exactly one player i € T
deviated from the designer’s recommendation at that stage. Players were obedient otherwise.

12
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with sMCE under strategy profile ¢ = (0;);c; and information structure (M, 7):

. 1

wi(s, t|o’; 115) :E7 S:={(s,t) eN?:1<s<t<T t—s</l}
; 1

wi(s, tla’; 1) :m, C:={(s,t)eN*:1<s<s+0<t<T}

for any hypothesis (s, ¢) about the current stage ¢ € {1, ..., 7'} and most recent deviation
s € {1,..,T — 1}, and any messages (v’;11;), (a/;11;) € M where &/ € supp(3’) and
a’ € supp(a’) with j € I a player who can deviate (|A4;] > 1).

Proof. Write o = (0;);cs, where o; : M — A(4;), for the conjectured obedient (beha-
vioural) strategy profile. Let &; := Unif A; and ¢}, := 45 and oF := (1 — &;)0i + g4,

fori € I and k € N. Write u¥ for the resulting (self-locating) beliefs. Notice that

limppoo of =o.

The probability that j deviates at some particular stage t € {1, ..., T} given o* is

€k 1—L = 2.
|45 g

The chance that only j deviates at a given stage is
) H(l —x) =y,

while the chance of exactly one deviator at a given stage is

Z yi = Zk-

jel

The stick-phase posterior on (s, t) € S given just (¥/; I1;) (with |4;| > 1) is then

[ Pry. [{(s,t)} N {0/; 11;}] gl (1 — z) =513 ()
pi (s, t|07; 1) = : = . —
Do nes Pre ({0 0 {0 I 37 cq w1 — 22)" =167 ()
(1—z)tst 1 1

= gl — — = T = Ta-
2 (s ayes(l—2) =1 2sresl 1S

13
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Repeating the argument shows that the carrot-phase posterior on (s,¢) € C'is

1

k .
A t ]III y —
My (87 |a ) J) ‘C|

as needed. ]

Proof of Theorem 1 (Part 1/2: final-stage payoff extension).
Let us now verify obedience under the final-stage payoff extension.
[1]

We begin with the good phase. Supposing that players I \ {i} always obey, player i’s
payoff from obeying a € supp « is

pi(Tla; Dug(a) + [T — pi(Tla; D] Egrwaui(a)].

Deviating to a; instead yields

T—

wi(Tla; 1) ) + Z
=T

t

’_l

T—-0-1

pi(tla; v, + Z pi(tla; I)
l t=1

since ¢ < T. Because (i) every stage is always reached on path and (ii) on-path re-
commendations are i.i.d., players must have uniform beliefs y;(-la) = £, for every

a € supp a. The a-obedience constraint for player i is therefore
ui(a) + (T — V)v; > wi(al, a_) + v, + (T — £ — 1w} Va € suppa, a; € A;, i € 1.

Re-arranging, it suffices for (7', ¢) € N? to satisfy

/ )
wi(al,a_;) — u;(a w! — v,
(a5, a-i) — uil )—E — Va € suppa, a; € A;, i € 1.

vi—wi

T>1+ ‘
v; — w;

Such a pair exists since the game G is finite and v; > w!.

(1]

14
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We now verify obedience in the stick phase. Let s € {1,....,7 — 1} denote the time of
the most recent deviation, and consider the player j € I who deviated at s. (Recall that
whenever there are multiple deviators, the players are considered to be obedient.) Player
i € I has two sets of incentive constraints when j is being punished: one where i = j
and one where i # j. We check these in turn.

(1L;]

When player i is being punished in the stick phase, the designer will recommend some
b € supp 3. Player i’s obedience constraint is

T—1 min{s+¢,T}

0D (s t]bIL) [w = Thuy(0) + 1{t <T < s+ L}v; + I{s + { < T}w;}
s=1 t=s+1

T—1min{s+¢,T}
>Z S st | b II)[l{t:T}ui(ag,bi_i)+Il{t<T§t+€}yi+ll{t—|—€<T}wf]
s=1 t=s+1

By Lemma 1, we may take beliefs to be uniform. They then cancel:

T—1 min{s+¢,T}

[ui (%) — w;(al, b°,) Z Z 1{t=T}

s=1 t=s+1
T—1min{s+¢,T}

221 Zl (Ut <T<t+0 -1t <T < s+ )y + (Ut + < T) = 1s + £ < Thw].
s= t=s+

Simplifying,
T—1
[ui(0') — wiaj, b)) Z H{T <s+/(}
s=1

T—1min{s+¢,T}

>y ) []l{t<T, s+€<T§t+€}yi—l{s+€<T§t+€}w§]-
s=1 t=s+1
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Choosing a pair (7', ¢) which satisties 7' > ¢ + 1 lets us simplify the left side:

T—1 min{s+¢,T}

) —wilal )=S0 ST Usl<T <t e}(ﬂ{t < Tho, — w;’)

s=1 t=s+1
T—1 s+¢
= (yi—wg)z Z H{s+(<T <t+/}.
s=1 t=s+1

Requiring further that 7' > 2¢ 4 1 lets us simplify the right:

gui(bi)—uz(a b, <TZ: i Wstl<T<ttn
<
v; — wy N ° N

o
=) I{s+¢ < Tymax{0, s — [T — (20 + 1)]}

-1

M’ﬁ

max{0, s — [T'— (20 +1)|}
s=1
T—t-1 ¢
-3 (s_[T—(zeH)]):Zk:W;l).
s=1+[T—(20+1)] P

Therefore, the b'-obedience (i’s stick phase) constraint is satisfied whenever (T, /) € N?

satisfy

T>20+1
ui(a;,bi_i) — u;(bY)

T _ .
w; — v,

KZmaX{l,Q —1} Vo' € supp /3, a, € A;, i €1,

(1L;]

Next, when player j # i is being punished in the stick phase, the designer will recom-

16



Preliminary draft

mend some &’ € supp 3. Using Lemma 1, player i’s obedience constraint is

T—1 min{s+¢,T}
>y [1{15 TV (b )+IL{t<T<s+€}ul(ﬁj)—|—l{t<T>s+€}w]
s=1 t=s+1
T—1 min{s+£,T}

>y ) []1{15 = Thui(al, b )+ 1{t < T <t + v, +1{t < T > t—i—ﬁ}wf]
s=1 t=s+1

By imposing T' > 2¢ + 1, this rearranges (as with II;) to

T—1 min{s+¢,T}

i) —ui(ah, )l =Y N [L< TSt oy - 1< T < s+ il @)
s=1 t=s+1

FUT > ¢+ Ol — 1T > s +€}wﬂ
T—1 min{s+£,T}

-5 ¥ [w <T < s+ 0y —wi(B)] + 1{T > t + 0w — w))

s=1 t=s+1
P 1{s i< Tgtw}(gi—wg)].
Since v; < w{ forall ¢, j € I, it suffices that

T—1 min{s+¢,T}

CORECENEI DD 1t < T < s+ Bl — wi(8)] + 1T > ¢+ hw — w])].

t=s+1

Notice that

—1min{s+¢,T}

Z doooM{t<T<s+()=

/—1
0 —1)
—s—1) Z k= 5
s=1 t=s+1 s=T— é k=1
T—1 min{s+¢,T} T—1 ¢

>y ]1{T>t+€}:ZZH{T>t+s+€}:€(T—2€—1)+€<£_1>.

2
s=1 t=s+1 s=1 t=1

M’ﬂ

Plugging these in, the inequality becomes

[uz(b]) — Uz‘(a;, bj_z)]ﬁ > 6@ — 1)

[v; — ui(B7)] + <€(T —20—1) + E(E; 1)> (w? — wf)

17
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Simplifying,
2fui (b7) — wilag, b )] = (€ = De; = wi(8)] + (2T = 3¢ = 3)(w] — w]))
i(b7) — uj(af, b, ;= w7
o i) — uild; _Z)—(K—I)MS(QT—M 3)
wg—wzj- wg—wg
Z’jbj—lbj — z'j_'
wf — w; 2 2 wf — w;

Therefore, the #’-obedience constraints with j # i are satisfied whenever

wi(dh, b)) — wi (W) — G (B7) — v 3 vier, jel\fi),
T > max{% +1, T + 5(«5 +1) aleAs, b esupp 3.
(A (A

[111]

Finally, we verify incentives in the carrot phase. After player j € I has been punished for
{ stages in the stick phase, the designer will recommend some o/ € supp o/. Applying

Lemma 1, the obedience constraint of player i € I is
T
3 [n{t = Thuy(a) + (1 — 1{t = THw!
n
T
> S [n{t = Thug(dal )+ 1{t < T <t+ o+ 1{t <T >t + €}w§].

Simplifying,

T—0-1 T

[wi(a?) = wi(af,a’ )] Y Y 1t =T}
s=1 t=s+l+1
T—0—1 T
3 []1{t<T§t+£}(yi—wg)+]l{T>t+€}(w§—w{) .
s=1 t=s+4+1

V

Choosing T' > 20 + 1,

02T — 3¢ — 3)
2

(T —20—-2)(T—-2¢—-1), , j

[ui(a’) = wilaf,al )T —€-1) = 5 (w; — wy).

(’sz‘_wf)ﬂL

18
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Because w! < w{ for all 7, j € I, it suffices that

02T — 3¢ — 3)
2

[ui(a?) = wilaf,a” (T =€~ 1) = (v; = w))

ui(al,a’ ) — ui(a?)

(T—K—l)gE(T—ﬂ—l)—%ﬁ(éJrl)

.w;__vl (i )(T—€—1)>W;1)

The (a’) ;s obedience constraints of player i are then satisfied whenever the following

inequalities hold for all i, j € I, a} € A;, o’ € supp o:

uilaj,a’ ;) = ui(a’)

J_
Wi — Y

(>1+

wy — v,

. 3 71
(da ) — u(a?
T > max 25-{-1,1—1—5—}—@(6”1(@2’&]) u(@))
The bound on ¢ (and therefore on T') is finite since the game G is finite.

The constraints on ¢ € N in cases I, II, and III are all finite lower bounds. Fixing one
compatible ¢ € N, the constraints on 7" € N are all finite lower bounds as well. There are
finitely many of them. Therefore there exists a pair (7, ¢) € N? satisfying all obedience

constraints simultaneously in the final-stage payoft setting. ]

Proof of Theorem 1 (Part 2/2: average flow payoff extension).
Let us now verify obedience under the average flow payoff extension.
[1]

We begin with the good phase. Supposing that players I \ {i} always obey, player i’s
payoff from obeying a € supp « is

ﬂ |

i (t]a; 1 ( +<T—t)EaNa[ui(a)]).
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Because (i) every stage is always reached on path and (ii) on-path recommendations
are i.i.d., players must have uniform beliefs ji;(-|a) = 7, for every a € suppa. The

a-obedience constraint for player i is therefore

T—0—-1

ET: +(T—t)v;) Z [ i)+l +(T—0—t) §]+ ET: {uz ¢)+(T—t)yi].

t=1 t=1 t=T—-¢

Re-arranging:

[ui(a)—ui(a;,a_i)—i-(T—t)vi—@i—(T—K—t)wf-} > — zT: {ui(a)—ui(a;,a_z‘)+(T—t)(vi—yi)}
—T—

t=1 t L

[ui(a)—ui(ag,a_i)—i-f(vi—gi)—i-(T—K—t)(vi—wf)} > ZT: {ui(afi,a_i)—ui(a)—(T—t)(Ui—yi)].

t=1 t=T-¢

Because v; > w!, a sufficient condition for this inequality to hold is that

T—-0-1 T
|~ il am) —wila)] + (o= | 2 D el as) — i) = (T =)0 -]

t=1 t=T-¢

The stage game is finite, so define

M = max lu;(a, a—;) — ui(a)| € [0, 00) and d:= mi}l(vi —v;) € (0,00).
€ €
aZEA '
aEsuppa

It then also suffices that

T—0—-1 T
ST M td = > [ wlalass) = uila) +(7 ) (<D0~ v)
t=1 t=T-4 SV <0
and hence that

(T —¢—1)(td— M) > (T — [T — (] + )M
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Therefore, the a-obedience (good phase) constraint is satisfied whenever

M 00+ 1)d
— > - 7
l> y and T > EEY;

[11]

We now verify obedience in the stick phase. Let s € {1,...,7 — 1} denote the time of
the most recent deviation, and consider the player j € I who deviated at s. (Recall that
whenever there are multiple deviators, the players are considered to be obedient.) Player
i € I has two sets of incentive constraints when j is being punished: one where i =

and one where i # j. We check these in turn.

(1L;]

When player i is being punished in the stick phase, the designer will recommend some

b € supp 3. Player i’s obedience constraint is

T—1min{s+¢,T}

S Y sl In) [ui(bi) 4 (min{T, s + £} — t)v; + max{0,T — (s + 5)}w;’]
s=1 t=s+1
T—1 min{s+¢,T}

> 0> st IL) [ui(ag, b ) +min{l, T — t}v; + max{0, T — (¢ + e)}wg] .
s=1 t=s+1

By Lemma 1, off-path beliefs are uniform over S = {(s,#) e N> : 1 < s <t < T, t—s <
(}. Beliefs then cancel. Normalise wjf = 0, noting that because w' € V, this implies that

v; < 0. Re-arranging:

T—1 min{s+£,T}

>y [ui(bi) — wi(ah,0t,) + [(min{T, s + £} — t) — min{¢, T — t}]yi} >0
s=1 t=s+1
T—1min{s+¢,T}

Z Z [ — [ui(al, 0" ;) — ui(0")] — v;(min{T — ¢, £} — min{T —t,s + { — t})] >0

s=1 t=s+1
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Define
M = max |ui(al, b)) — u;(b")] € [0, 00) and d:= mi?(O — ;) € (0, 00).
€ €
GZEAZ' '
biesupp S°

The inequality then holds whenever

T—1 min{s+¢,T}

Z Z {—M—l—ci(min{T—t,f}—min{T—t,s—l—K—t})]20

s=1 t=s+1
T—1 min{s+¢,T} T—1 min{s+¢,T}
CZZ Z min{max{0,7 — s — ¢}, t — s} > Z Z M
s=1 t=s+1 s=1 t=s+1
T ¢—1 min{s+¢,T} T-1
Z Z min{T—E—s,t—s}Z]\ZZmin{&T—s}
t=s+1 s=1
T—0-1

L
M1
Zmln{s k} > E_E(QT ¢—1).

%imij+zzk

k=1 k=j+1 j=t+1 k=1

E (j(j —j)+T 5—1—6)W;1)

(e+1) o0+ (2€+1)

(T — 20— 1)L + 1))
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Our sufficient condition thereby becomes

ée(u 1)(3T — 40 — 2) > %%K(QT o)

rle— oM 1) s L (4 3M L 9).
d 3 q

Therefore, the b'-obedience (i’s stick phase) constraint is satisfied whenever

> 2% and T> max{% +1,

(40 +2)d —3M ( + 1
(+1)d—2M 3 |

(11;]

Next, when player j # i is being punished in the stick phase, the designer will recom-
mend some &’ € supp 3. Player i’s obedience constraint is

T—1 min{s+£,T}

SN s i) [ui(bj) + (min{T, s + €} — Hui(8) + max{0,T — (s + z)}wgf]
s=1 t=s+1
T—1min{s+¢,T}

ZZ Z ui(s,t|bj;IIj)[ui(ag,bji) + min{¢, T — t}v, + max{0,T — (t+€)}wf].
s=1 t=s+1

Lemma 1 again lets us impose uniform off-path beliefs over S := {(s,#) € N2 : 1 < s <

t <T,t—s</(},sobeliefs cancel. Also normalise wg = 0. Re-arranging:

T—1min{s+¢,T}

Z Z [uz(bj) — u;(al, bj_z) + (min{T, s + £} — t)u;(f7) — min{¢, T — t}v,

s=1 t=s+1
+ max{0,7 — (s + E)}wﬂ >0

T—1min{s+¢,T}

>y [ — Tus(a), b ) — ()] — vy (min{l, T — t} — min{T —t,5+ ¢ — t})]
s=1 t=s+1
T—1 min{s+¢,T}

> Z Z [(yl-—ui(ﬁj))min{T—t,s—l—E—t}—wg max{0,7T — (s+€)}]

s=1 t=s+1

23



Preliminary draft

Define

M = maIX |ui(a2,bj_i) - Uz(bm € [0,00)
1€
JeI\{i}
aj€A;
v’ esupp [

d :=min(0 — v;) € (0, 00)
i€l
B := max (v; —u(6))
i€l
jel\{i}
W := min w) € (0,00).
iel

Jel\{i}

Noting that w! = 0 implies both w{ > 0 and v; < 0, the inequality then holds whenever

T—1min{s+¢,T}

Z Z [—]\Zl+d(min{€,T—t}—min{T—t,s—Fﬁ—t})}

s=1 t=s+1
T—1 min{s+¢,T} T—1 min{s+¢,T}
>BY ) min{T—ts+(-t} WZ > max{0,T— (s +0)}.
s 1 t=s+1 s 1 t=s+1
:éﬁ(ﬁ— )?gT—ZZ—Q) :%E(T—Z 1)(T—2)

T—1min{s+¢,T}

Z Z [miH{E,T—t} —min{T—t,s—FE—t}}

s=1 t=s+1

W T—1min{s+¢,T}
(0= 1)BT =20 =2) = T — (= 1)(T ~ ) Y Y M
s=1 t=s+1

@lbj>

> =

SN

Following the derivation in [II;],

T—(—1 - o
min{s, k} > l(gw —1)(3T — 20 —2) — %e(T —(—1)(T—-0)+ M§(2T — (- 1)).

>
I

™~

s=1 1

J/

=20(0+1)(3T—44—2) if T>2¢
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So, by choosing T > 2¢ we obtain

1 M1 1/B 144
G BT—40=2) == (2T —~(-1) 2 2<Ee<z ~ )BT —20 = 2) = UT = 1)(T ~ 5)).

If B < 0 then it's immediate from [II;] that ¢ > 20/ /d and a large enough choice of T
will suffice. So, suppose that B > 0. Select 7" and / to satisfy the conditions in [II;]. It

then sufficient to show that under these conditions, we can make

A~ A

%e(e BT —2—2) < %e(T - (T -0,

By choosing T > 2/ + 2, we have
W TT 5
> = — <
RHS > 5 62 5 and LHS <

Sy

SU-1r

so it suffices that

ABU(6 —1)T < WIT?
B

T >4—((—1).
2 4= (1)

Therefore, the 1/ -obedience constraint is satisfied whenever

~

M
(> 2 7 and szax{2€—|—2,

M+2d—3M¢+1 B
(46+2)d = 3M L+ ,47(6—1)}.
((+1)d—2M 3 W

[111]
Finally, we verify incentives in the carrot phase.

After player j € I has been punished for ¢ stages in the stick phase, the designer will
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recommend some a’ € supp /. The obedience constraint of player i € I is

T—(—-1

Z (s, tla’; 1L )[ui(aj) + (T—t)wg
s=1 t=s+l+1

(]

T—0—1 T
> Z Z (s, t)a? s 1015) [ui(a;, a‘ii) + min{l,T — t}v; + max{0,7 — (t + 5)}102] .
s=1 t=s+l+1

Once more, Lemma 1 lets us specify uniform beliefs over C' = {(s,t) € N? : 1 < s <
s+ ¢ <t <T}. Normalise w% = 0 so that v; < 0, and wg > 0 (strictly ift i # 7). We then

require

T—0-1 T

3 [ ~[uildhd) — wiad)] + (T — tyw! — min{6, T — t}u,

s=1 t=s+l+1

Define

M:= max |ui(d;,al ) —ui(a?)| €0, 00) and  d:=min(0— ;) € (0,00).
i,jel iel
a;GAi

a’ €supp o’

It then suffices to make

T—0-1 T
Z [ M + 1n{€T—t}}>0
s=1 t=s+0+1
T—0-1 1T /-1
> Y 712§ 3 >
5 1 t=s+4+1 s=1 t=s+/+1
> Zleﬂ ! ZtT:ereHE = %%(T:Z_ )(T—E)
or simply
T—20— T— —
M1
Z Z > — (T —(=1)(T =)
s=1 =s+0+
M1
g(T— 20— 1)(T = 20) = —o(T (= )(T ~0).
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Whenever T' > 4¢ + 2, we get T — 2( — 1 > %, so we only need

TT M1
f——z—,-(T—e—m(T—@
222 7 d 2\ — )

<T?
0> 4
d

Notice that we have thereby covered both III; and III;.

Since G is finite, constraints on ¢ € N are all finite lower bounds. Fixing one compatible
¢ € N, the constraints on 7' € N are all finite lower bounds as well. There are finitely
many of them, so there exists a pair (T, ¢) € N? satisfying all obedience constraints

simultaneously in the average flow payoft setting. O]

A.2  Proof of Proposition 1

Fix a finite stage game G = ({1, 2}, (Ai, ui)icq1,2))- Letv € R denote some feasible
and strictly individually rational payoft profile. Since v is feasible, it can be achieved by
some (correlated) mixed action profile « € A(A), where A := [],_; A;. Fix this profile.

Consider the information structure (M, 7) described as follows. The message space is
M = {(a;r),(a;p) : a € A}. The possible paths of play in G are partitioned into
‘reward’ and ‘punishment’ phases. The null history is in a reward phase. Whenever the
game is in a reward phase, the designer (independently) draws a ~ « and announces

(a;r). This is interpreted as a recommendation to play a during a reward phase.

If and only if a history ends in exactly one player deviating from the designer’s latest
recommendation does the game (re-)enter a punishment phase. Whenever the game is
in a punishment phase, the designer (independently) draws b ~ 5 = (51, 52) € A(A1) x
A(Ay) where
f; € argmin max u_;(a—_;, &;)
G EA(A;) A-i€A-i

for both i € {1,2}; and announces (b;p). If the game has not ended after ¢ stages of
obedient play during a punishment phase, the game returns to a reward phase.
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We begin by specifying beliefs in the punishment phase assuming obedience holds.

Lemma 2 (Off-path beliefs). The following beliefs for each player i € {1,2} are consist-
ent with sMCE under an obedient strategy profile for information structure (M, r):

1
ui(s,t|b;p)zm, S:={(s,t) eN*:1<s<t<T t<l+s}

for any hypothesis (s, ¢) about the current stage ¢ € {1, ..., 7'} and most recent deviation

s € {1,...,T — 1}, and any punishment-phase message (b;p) € M with b € supp .

Proof. We construct a limit of fully mixed strategies. Write o = (01, 02), whereo; : M —
A(4;), for the conjectured obedient (behavioural) strategy profile. Let &; := Unif A; and
ek = g and oF == (1—¢p)o;+exdy, fori € {1,2} and k € N. Write ¥ for the resulting
(self-locating) beliefs. Notice that limgy, o* = 0.

Under (M, 7), the message (b; p) is announced at ¢ if and only if ¢ > 2 and exactly one
player most recently disobeyed, at s € {max{1,t—¢},...,t— 1}. Therefore 1% (s, 1|b; p) =
0 for all k,s € N. The probability that exactly one player disobeys at any particular
t € {1,...,T} given profile o* is

1 1
1€{1,2}

The chance that the most recent deviation was at s € {max{1,¢—¢},...,t — 1} given that

(b; p) is announced at stage ¢ € {2, 3,...,T'} is proportional to

(1 —ap) L

The posterior on (s,t) € S given just (b; p) is therefore

k
k /’Lz (87 t)
1 (8,t|b;p) =
D (s inyes i (8, t)
_ pl (slt)pf(t) _ x(1 — ) 57T Koo L
D (s 1)es pE(S [Vl ) D imes Tr(l — 2p) =71 /T =7 8]
as needed. ]
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We will handle the two admissible payoff extensions separately.

Proof of Proposition 1 (Part 1/2: final stage payoff extension).

Payoffs will be E,, . [t(a1, ..., ar)] = Eq,alu(ar)] = v, as claimed, if players are obed-
ient under (M, 7). Each player has | supp a| + | supp f] sets of incentive constraints, one
for each information set generated by the information structure. It suffices for sMCE to

verify each of these separately (rather than invoking the one-shot deviation principle).
Supposing that players 7 \ {i} always obey, player i’s payoff from obeying a € supp « is

T

3 wiltla) (w = Thui(a) + 1{t < T}ana[ui(a)]).

t=1

Choose T' > (¢ + 2. Because every stage is always reached on path and on-path re-
commendations are i.i.d., players must have uniform beliefs y;(-la) = #, for every

a € supp a. The a-obedience constraint for player i is therefore

T
ui(a) + (T — 1)v; > Z (]l{t = T}ui(a,a) + H{T — (<t < Thu;(B) + 1{t < T — E}vi)

4~
I
—

= wi(al, a_;) + lu;(B) + (T — € — 1)

which re-arranges to a reward-phase obedience condition:

T>042
wi(ag, a—;) — ui(a) , /
(> L Vi e {1,2}, a; € A;, a € supp .
v _uz(ﬁ) { } 1 1

We now verify incentives in the punishment phase. Let s € {1,...,7 — 1} denote the

time of the most recent deviation. For b € supp f3, the b-obedience constraint is

T—1min{s+¢,T}

D m(s,ﬂb)(n{t — Thus(0) + 1{t < T < s+ Owg(8) + 1{t <T > 5 + E}vi)
s=1 t=s+1
T—1min{s+¢,T}

>y > M(s,ﬂb)(n{t = Thui(as b)) + 1{t < T <t+ Cu(B) +1{t <T >t + 6}%).

s=1 t=s+1
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By Lemma 2, off-path beliefs may be set to be uniform over S = {(s,#) € N> : 1 < s <
t <T, t<s+(}. Beliefs then cancel and we can simplify:

T—1 min{s+¢,T}

w(@)Y Y [A{t<T<s+—1{t<T <t+()]

s=1 t=s+1
T—1 min{s+£,T} T—1 min{s+£,T}
> [ui(d), b_g O D =T+ > [{t<T>t+ - 1{t <T>s+1}]
s=1 t=s+1 s=1 t=s+1

T—1 min{s+¢,T}

>y ]1{t<T}(— s+ (<T<t+0u(B)+1{s+(<T< t—i—é}vi)
s=1 t=s+1

T—1 min{s+¢,T}

> >, Ht=THui)b) —w()

s=1 t=s+1
T—1 min{s+{,T} T—1 min{s+¢,T}
w@S S < TI{s+L< T <t+ 0 > [ui(dl oy > =1y,
s=1 t=s+1 s=1 t=s+1

= 0T > (41
By choosing T > 2( + 1, we can simplify further:

T—1min{s+¢,T}

uz‘(aéab—ﬁ—“i(b)wz > At <TH{s+e<T<t+0}

vi = uil ) [
T-1 s+¢
=) ) Ms+l<T<t+0}
s=1 t=s+1
T-1
I{s+ ¢ < T}max{0, s — [T'— (20 + 1)]}
s=1
T—0-1
= max{0, s — [T'— (20 + 1)]}
s=1
T—(-1 ¢
= (s=[T—Q+1))=> k=
s=1+[T—(20+1)] k=1
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Therefore the b-obedience constraints are satisfied whenever

T>20+1

ui(a,’i, b_z) — uz(b)
IR [}

-1 Vi € {1,2}, a; € A;, b € supp .

Because G is finite, there are finitely many constraints in the reward and punishment
phases, each imposing finite lower bounds on 7 and ¢. Thus there is a pair (7, ¢) € N?

which enforces obedience. ]

Proof of Proposition 1 (Part 2/2: average flow payoff extension).

If players are obedient under (M, ), their payoffs will be %ZL Eowalu(a)] = v as
claimed. Each player has | supp a| + |supp | sets of incentive constraints, one for each
information set generated by the information structure. It suffices for sMCE to verify

each of these separately (rather than invoking the one-shot deviation principle).

Let us first verify the on-path incentives. Supposing that players I \ {:} always obey,
player i’s payoff from obeying a € supp « is

T
=3 sattlo) (wile) + (T = Eamafis(a).
t=1

Because every stage is always reached on path and on-path recommendations are i.i.d.,
players must have uniform beliefs i;(-|a) = 7, for every a € supp a. The a-obedience
constraint for player i is therefore

T—-0-1

ET: HT=tw) > Y [ i)l (B)+(T—t— tvz]+ ET: {uz +(T— t)ul(ﬁ)].

t=1 t=1 t=T—¢
This re-arranges to

v; — ui(B) (+1)
~ L = wi(B)] = [ui(aj, a—i) — ui(a)] 2

provided T' € N and ¢ < T'/2 are chosen sufficiently large.
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We now verify incentives in the punishment phase. Let s € {1,...,7 — 1} denote the

time of the most recent deviation. For b € supp (3, the b-obedience constraint is

T—1 min{s+£,T}

S st [ul( )+ (min{T, s + £} — t)ug(5) + max{0, T — (s M)}w]
s=1 t=s+1
T—1 min{s:E,T}

> Z Z (s, t|b) [ui(a;, b_;) + min{l, T — t}u;(8) + max{0,T — (¢t + E)}vi] :

s=1 t=s+1

By Lemma 2, off-path beliefs may be set to be uniform over S = {(s,t) e N> : 1 < s <
t < T, t < s+ (}. Beliefs then cancel. By also normalising u;(5) = 0 (noting that this

makes v; > 0), we can re-arrange as follows.

T—1 min{s+¢,T} T—1 min{s+¥¢, T}

Z Z U4 [maX{O, T—(s+/0)}—max{0,T — (t+¢)} } Z Z — u;(b)]
s=1 t=s+1 s=1 t=s+1

T—0—1 s+¢ E(QT—K—l)

Y [maX{O T (s+€)}—max{0,T—(t—|—€)}] > [ui(a}, b-s) — wib)) =

s=1 t=s+1
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Choose T' > 2¢ + 1 so that the left side simplifies:

T—(-1 s+¢
LHS = v; Z Z [T—S—E—maX{O,T—(thﬁ)}]
s=1 t=s+1
T—0—1 ¢ T—(-1 ¢
= v Z [j — max{0,j — k’}} = v Zmin{j, k}
j=1 k=1 =1 k=1
¢ ¢ T—(-1 ¢
= Z Z min{j, k} + v; Z Z min{j, k}
j=1 k=1 j=0+1 k=1
‘ j T—(-1 ¢
55 LD IFI T 3b o1
j=1 \ k=1 k=j+1 j=0+1 k=1
‘
— v , . ((0+1)
_Ulzl T—l—j(f j))—l—vl(T—f—l—E) 5
J:
+1) 1)(2 1
%<2£+ ) _ A )é“ )+(T—2€—1)€(€+1)>
= U+ 1)(3T — 40 - 2).
Therefore the b-obedience inequality is
; O —(—1
%6(6 +1)(3T — 40 — 2) > [ui(a},b_;) — Ui(b>]£(2—£)

T((g + 1)oi — 2fui(alybi) — ui(b)]) > (04 1) (vi(4€ +2) — 3fui(al, by) — ui(b)]) %

For ¢ sufficiently large, we thus require

) —ui(b)] £+ 1

(40 + 2)v; — 3lui(al, b_;
r= D) 3

= (04 1)v; — 2Ju(al,

b_
b_

Applying the u;(8) = 0 normalisation to both of the inequalities just derived, the joint

obedience constraint, for ¢ < 7'/2 sufficiently large, is

; 40 + 2)v; — 3lui(a’, b_;) — u;(b
> ((+1) max max ,EU@ 1, (@4l+2)v [uifaj, b-i) — ui()] 1 _
i€{1,2} Cv; — [ui(aj, a—;) —ui(a)] 2" (€4 1)v; — 2[u;(ag, b—i) — u;i(b)] 3
aEsu 67
b€suggﬂ
CL;EAZ'
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The constraints on ¢ € N are all finite lower bounds. Fixing one compatible ¢ € N, the

constraints on 7' € N are all finite lower bounds as well. There are finitely many of them,

so there exists a pair (T, /) € N? satisfying all obedience constraints simultaneously. [
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